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A b s t r a c t 
U s i n g a mode l f o r t h e e v o l u t i o n o f f i t n e s s , we s h o w how C o m p u t e r S i m u -
l a t i on c a n be u s e d to e x a m i n e w h e t h e r a t h e o r e t i c a l mode l c a n be t e s t e d 
b y e x p e r i m e n t a l d a t a . A m a x i m u m - l i k e l i h o o d - f i t o n s i m u l a t e d m e a s u r e m e n t s 
was a b l e to s e p a r a t e t h e p a r a m e t e r s . S u c h m e a s u r e m e n t s c a n be m a d e in 
a r e a l i s t i c e x p e r i m e n t a l s e t - u p . T h e r e f o r e , t h e c o n c e p t a n d t h e p r e d i c t i o n s 
o f t h e mode l c a n be e x p e r i m e n t a l l y t e s t e d . 
Z u s a m m e n f a s s u n g 
A n dem B e i s p i e l e i n e s n e u e n F i t n e s s k o n z e p t s , wo d e r V e r l a u f d e r F i t n e s s -
f u n k t i o n s e l b s t d e r E v o l u t i o n u n t e r w o r f e n i s t , w i r d g e z e i g t , w i e C o m p u t e r -
S i m u l a t i o n h i l f r e i c h s e i n k a n n , um d i e T e s t b a r k e i t v o n M o d e l l V o r s t e l l u n g e n 
z u u n t e r s u c h e n . In d i e s e m M o d e l l k o n z e p t mi t q u a n t i t a t i v g e n e t i s c h e n A n -
s ä t z e n w a r es u n g e w i ß , o b d i e w e s e n t l i c h e n M o d e l l p a r a m e t e r ü b e r h a u p t a u s 
e x p e r i m e n t e l l e n D a t e n b e s t i m m b a r s i n d . M i t e i n e m M a x i m u m - L i k e l i h o o d - V e r -
f a h r e n g e l i n g t e s , d i e s e M o d e l l p a r a m e t e r z u s e p a r i e r e n . S i m u l i e r t e M e s s u n -
g e n d e m o n s t r i e r e n , d a ß d e r d a z u n o t w e n d i g e M e ß a u f w a n d in r e a l i s i e r b a r e m 
R a h m e n b l e i b t . D a m i t e r w e i s e n s i c h d i e g r u n d l e g e n d e n M o d e l l v o r s t e l l u n g e n 
u n d M o d e l l v o r h e r s a g e n a l s e x p e r i m e n t e l l t e s t b a r . 
1. I n t r o d u c t i o n 
T h e a s s u m p t i o n s u n d e r l y i n g m a n y m a t h e m a t i c a l m o d e l s in b i o l o g y a r e s u c h 
s i m p l i f i c a t i o n s o f r e a l i t y t h a t t h e m o d e l s c a n n o t be t e s t e d b y e m p i r i c a l 
d a t a . N e v e r t h e l e s s , s u c h m o d e l s do c l e a r i f y i d e a s a n d e n a b l e p r e c i s e 
d e f i n i t i o n s , as we l l as p r o m o t i n g a q u a l i t a t i v e u n d e r s t a n d i n g n e c e s s a r y 
f o r t h e d e v e l o p m e n t o f new c o n c e p t s . R e a l i s t i c m o d e l s in b i o l o g y , h o w e v e r , 
r e q u i r e a s e t o f t e s t a b l e p r e d i c t i o n s . C r u c i a l e x p e r i m e n t s o r o b s e r v a t i o n s 
s h o u l d be a b l e to f a l s i f y a mode l o r to s u g g e s t u s e f u l m o d i f i c a t i o n s . F o r 
t h a t p u r p o s e a b i o l o g i c a l I n t e r p r e t a t i o n o f a l l mode l p a r a m e t e r s is r e q u i r e d . 
l f t h e s e p a r a m e t e r s a r e no t d i r e c t l y m e a s u r a b l e , a d e s c r i p t i o n o f a r e a l i s t i c 
exper imental s e t - u p a n d o f a Stat ist ical p r o c e d u r e to ex t rac t t h e parameters 
f r o m d a t a a r e n e c e s s a r y to a c h i e v e c r e d i t i b i l i t y w i t h e x p e r i m e n t e r s . 
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Here we p resen t an example of a model concept for which it was unce r ta i n , 
whether the parameters cou ld be estimated from exper imental da ta . In 
almost all genet ic models ( e . g . L a n d e 1 9 8 2 , L y n c h a n d G a b r i e l 1 9 8 3 ) the 
ind iv idua l f i tness func t ion (or equ iva len t ly the ind iv idua l niche width) is 
f ixed a n d , t he re fo re , independent of evo lu t ion . Us ing concepts from q u a n -
t i tat ive g e n e t i c s , we redef ine f i tness as a tolerance c u r v e which i tsel f 
changes d u r i n g the evo lu t ionary p rocess . Adapta t ion is d r i ven in the 
d i rec t ion of maximal f i t ness . T h e r e f o r e , the re lat ive f i tness cont r ibu t ion 
of any quan t i ta t i ve t ra i t is ca lcu lab le by its d i f fe rence from the possib le 
optimal va lue and by the shape of the f i tness func t i on . However , in 
temporal ly and spat ia l ly va r iab le env i ronments natural select ion changes 
the b read th of adaptat ion in re lat ion to expected var ia t ions of the Optimum. 
T h u s , both the Optimum value and the whole shape of a to lerance cu rve or 
f i tness func t ion are e v o l v i n g . By incorpora t ing this into a model concept 
under qu i te genera l cond i t i ons , the optimal b readth of adaptat ion can be 
p red ic ted (most simple in clonal populat ions) as a funct ion of the var iab i l i t y 
of the env i ronment ( L y n c h a n d G a b r i e l 1 9 8 6 a , b ) . T h e r e b y , accord ing to 
our model , spat ia l he te rogene i t y , temporal Var iat ion wi th in a genera t ion , 
and temporal Var ia t ion between generat ions act independent l y . The p ro -
duced va r iances r e p r e s e n t , in genera l te rms, con t r ibu t ions to the f i tness 
with mul t ip l i ca t ive and add i t i ve e f fec ts . 
2 . Model Concept 
We s tar t by tak ing the s implest possib le assumpt ions and the minimum num-
ber of parameters . Let us assume that the tolerance c u r v e of an ind iv idua l 
over an env i ronmenta l g rad ien t can be represented by two quant i ta t ive 
genet ic c h a r a c t e r s : g^ desc r ibes the optimum and g 2 the var iance of the 
to lerance c u r v e . Each of these charac te rs may be the express ion of a 
large number of genes and is measured on an envi ronmental sca le . However , 
this desc r ip t i on is va l id on ly for the average of a clonal populat ion because 
of the inev i tab le Var ia t ion due to development. T h e r e f o r e , the f i tness of 
an i nd iv idua l is determined ra ther by its phenotyp ic values and z ^ , 
than by the co r respond ing genotyp ic values g 1 and g 2 - We suppose that 
in most cases wi th a p roper scale t ransformat ion the f i tness funct ion can 
be approx imated by a normal d i s t r i b u t i o n : 
w ( z r z 2 , ( J ) ) = ( 2 7 r z 2 ) , / / e x p ( - ( z 1 - c j ) ) z / 2 z 2 ) . (1) 
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The actual envi ronment (the model is most appl icable to phys ica l or C h e m -
ical g rad ients l ike temperature or pH) is measured by <f> . The var iance of 
phenotypes with ident ical genotypes growing up under the same condi t ions 
is cal led developmental noise (accord ing to the t rad i t iona l nomenc la ture) . 
Quant i ta t ive genet ics usua l ly puts a normal d i s t r i bu t ion for the re la t ionsh ip 
between phenotypes and genotypes 
p ( z 1 | g 1 ) = ( 2 T r V E 1 ) " l / 2 e x p ( - ( z l - g 1 ) 2 / 2 V E l ) , (2) 
but as z 2 is a var iance it always has to be greater than ze ro . For the d i s -
t r ibut ion of z 2 a round g 2 we use a beta d is t r i bu t ion of the second k ind 
( K e n d o l l a n d S t u a r t 1 9 7 7 ) 
p(x ) - x a _ 1 ( i + x ) ~ ( a ~ 6 ) r ( a + ß ) / ( r (cor ( ß ) ) . 
For mathematical reasons it is helpfu l to set x = z 2 ^ p j * ^ y th is S u b s t i t u -
tion acts as a scal ing fac tor . The z 2 - d i s t r i b u t i o n , however , remains 
independent of . From the const ra in ts E ( z 2 ) = g 2 and V a r ( z 2 ) = V ^ 2 , 
it follows that 
p ( z 2 | g 2 ) = ( z 2 / V E 1 ) a _ 1 ( l + ( z 2 / V E 1 ) ) " ( a " ß ) r ( a + 3 ) / ( V E i r ( a ) r ( ß ) ) (3) 
with 
« = ( g 2 ( g 2 + v E 1 ) / v E 2 + D g 2 / v E 1 
ß = g 2 ( g 2 + v E i ) / v E 2 + 2 • 
The four var iab les g ^ , g 2 , V E 1 , and V E 2 are essent ia l for the u n d e r s t a n d -
ing of the evo lu t ionary process in ques t ion . Y e t , as shown by the basic 
equations they have opposing inf luences on the ef fect ive f i tness of a p o p u -
lat ion. T h e r e f o r e , as a f i r s t step it is necessary to demonstrate that each 
of these parameters can be measured under rea l is t ic cond i t ions . In o rder 
to do this without appropr ia te exper imental da ta , we simulated exper iments 
with the expected ränge of va r i ab les . The parameter estimation is done by 
the fol lowing rather Computer time consuming but e f fect ive maximum l i ke l i -
hood p rocedure . 
3 . Parameter Ident i f icat ion by the Maximum Like l ihood Method 
In the fol lowing we assume that measures of f i tness w. at environmental 
states (j>. are avai lable for n ind iv idua ls of a S i n g l e geno type . The <|>. need 
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no t a l l be u n i q u e , b u t - a c c o r d i n g to t h e e x p e r i e n c e o f s e v e r a l s i m u l a t i o n s -
a m i n i m u m o f 3 -4 e n v i r o n m e n t a l s e t t i n g s a r e r e c o m m e n d e d in a r ä n g e w h e r e 
t h e f i t n e s s c h a n g e s a t l e a s t o n e o r d e r o f m a g n i t u d e . E a c h f i t n e s s v a l u e is 
a f u n c t i o n o f t h e c o r r e s p o n d i n g as we l l as o f t h e u n k n o w n p a r a m e t e r s 
9 - j ' 9 2 ' ^ E 1 ' a n c ' ^ E 2 " ^ e w ' s n t 0 e s t ' m a t e t h e s e f o u r u n k n o w n s b y m a x i -
m i z i n g t h e Jo in t (a p o s t e r i o r i ) p r o b a b i l i t i e s o f a l l o b s e r v a t i o n s , t h e p r o d u c t 
o f a l l n p. ( o r t h e s u m o f n l o g ( p . ) ) , w h e r e p . , t h e c o n d i t i o n a l p r o b a b i l i t y 
o f o b s e r v i n g (w.,<f>.), is a f u n c t i o n o f g ^ , g ^ , , a n d V E 2 . 
We w i l l f o c u s o n t h e s i m p l e c a s e in w h i c h i n d i v i d u a l s a r e e x p o s e d to c o n -
s t a n t 4> t h r o u g h o u t t h e i r l i v e s a s w o u l d be a p p r o x i m a t e d in a c o n t r o l l e d 
l a b o r a t o r y o r g r e e n h o u s e s e t t i n g . A s p e c i f i c m e a s u r e o f i n d i v i d u a l i in e n -
v i r o n m e n t <j>. c a n r e s u l t f r o m m a n y d i f f e r e n t c o m b i n a t i o n s o f z^ a n d z ^ , b u t 
e q u a t i o n (1) i m p l i e s t h e c o n s t r a i n t 
Z l = «,. ± ( - 2 z 2 l n ( w j ( 2 T T Z 2 ) 1 / 2 ) ) 1 / 2 ^ (4) 
T h e a p o s t e r i o r i p r o b a b i l i t y o f t h e O b s e r v a t i o n (w.,<{>.) c a n now be e x -
p r e s s e d b y w e i g h t e d I n t e g r a t i o n o v e r a l l p o s s i b l e c o m b i n a t i o n s o f z ^ a n d 
z 2 - F o r e a c h z 2 t h e p r o b a b i l i t y o f o b t a i n i n g t h e z^ t h a t r e s u l t s in t h e 
O b s e r v a t i o n (w.,<|>j) c a n be c a i c u l a t e d b y s u b s t i t u t i n g e q u a t i o n (4) i n t o ( 2 ) : 
H ( z 2 , w i , ( | ) j ) = ( 2 7 r V E l ) " 1 / 2 ( e x p ( - ( x - g i ) 2 / 2 V E l ) 
+ e x p ( - ( y - g i ) 2 / 2 V E 1 ) ) ( 5 ) 
w h e r e x = <j>.+c , y = <j>.—c a n d 
c = ( - 2 z 2 l n ( W j ( 2 T T Z 2 ) l / 2 ) ) 1 / 2 . 
T h e ( a - p o s t e r i o r i ) p r o b a b i l i t y p^ o f t h e m e a s u r e m e n t ( w . , <j>.) is t h e n g i v e n 
w i t h (3) a n d (5) 
p. = / p ( z 2 | g 2 ) H ( z 2 / w . / ( t > j ) d z 2 . 
2 
T h e b o u n d a r i e s o f t h i s i n t e g r a t i o n a r e z 2 = 0 a n d z 2 - 1 / ( 2 T T W J " ) . 
A b o v e t h i s l im i t i t is i m p o s s i b l e to m e a s u r e a f i t n e s s o f t h e v a l u e w . . 
U n f o r t u n a t e l y , t h e r e is no a n a l y t i c a l S o l u t i o n a v a i l a b l e f o r t h i s i n t e g r a l . 
A n o t h e r c o m p l i c a t i o n a r i s e s f r o m t h e f a c t t h a t t h e e x p e c t a t i o n v a l u e o f t h e 
g e o m e t r i c m e a n f i t n e s s ( f . ) v a r i e s s l i g h t l y w i t h <j>, F o r c o m b i n i n g m e a s u r e -
m e n t s o f d i f f e r e n t e n v i r o n m e n t a l s e t t i n g s , t h e c o n t r i b u t i o n s o f d i s t i n c t <j> 
v a l u e s to t h e Jo in t p r o b a b i l i t y h a v e to be w e i g h t e d b y t h e e x p e c t a t i o n 
v a l u e s f. i n o r d e r to a v o i d s y s t e m a t i c a l e r r o r s . G i v e n t h e a b o v e e q u a t i o n s 
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t h e m a x i m u m l i k e l i h o o d e s t i m a t e s o f t h e f o u r p a r a m e t e r s g 1 , g 2 , , a n d 
a r e o b t a i n a b l e u s i n g w e l l - k n o w n M o n t e - C a r l o - t e c h n l q u e s f o r f. , n u m e -
r i c a l I n t e g r a t i o n f o r p. a n d o p t i m i z a t i o n p r o c e d u r e s to m a x i m i z e t h e Jo in t 
p r o b a b i l i t y . A t t h e e n d o f t h e m a x i m i z a t i o n , e s t i m a t e s o f t h e s e c o n d d e r i -
v a t i v e s a t t h e m a x i m u m may a l s o be c o m p u t e d to o b t a i n ( f r o m t h e i n v e r s e 
o f t h e H e s s i a n m a t r i x ) e s t i m a t e s o f t h e ( s a m p l i n g ) v a r i a n c e s a n d c o -
v a r i a n c e s o f t h e f o u r p a r a m e t e r s . 
T h i s same a n a l y s i s c o u l d be a p p l i e d in s i t u a t i o n s in w h i c h $ is n o t c o n -
s t a n t w i t h i n t h e l i f e t ime o f m e a s u r e d i n d i v i d u a l s b u t h a s f o r a l l <|> s e t t i n g s 
t h e same v a r i a n c e V In t h i s c a s e , u s i n g e q u a t i o n s d e r i v e d i n L y n c h a n d 
G a b r i e l ( 1 9 8 6 b ) , t h e e q u a t i o n (4) b e c o m e s 
z y = <(>. ± ( - 2 z 2 l n ( w . ( 2 7 T Z 2 ) 1 / 2 ) - V ( j ) ) 1 / 2 . (6 ) 
Wi th a p p r o p r i a t e s a m p l e s i z e , u s e o f (6) in t h e d e f i n i t i o n o f p. w o u l d e n -
a b l e t he i n v e s t i g a t o r to d e r i v e a n e s t i m a t e o f as we l l a s , g 2 , , 
a n d V E 2 . 
4 . R e s u l t s 
T h e d o t t e d l i ne in t h e f i g u r e r e p r e s e n t s t h e e x p e c t e d f i t n e s s d i s t r i b u t i o n 
a t f i v e e n v i r o n m e n t a l v a l u e s (<j> = 0 , 2 . 2 3 , 5 . 5 3 , 8 . 3 , a n d 1 1 . 0 7 ) f o r a 
g i v e n p a r a m e t e r s e t ( g ^ O , g 2 = 1 0 , a n d v ^ 2 ~ 3 ^ ' ^ ~ h e s c a ' e ° ^ t n e 
e n v i r o n m e n t a l v a r i a b l e <j> is c h o s e n so t h a t t h e f i t n e s s f u n c t i o n o f a n 
a v e r a g e a n i m a l h a s i t s m a x i m u m at 4>=0. B e s i d e s t h e d i f f e r e n t n u m e r i c a l 
r ä n g e t he f o r m o f t h e d i s t r i b u t i o n o f f i t n e s s v a l u e s c h a n g e s w i t h <)> a n d 
s h o w s d i s t i n c t a s y m m e t r i e s . It c a n be s h o w n t h a t t h e s e d i s t r i b u t i o n s a n d 
e s p e c i a l l y t h e a s y m m e t r i e s d e p e n d c h a r a c t e r i s t i c a l l y o n t h e p a r a m e t e r s 
9- j / 9 2 ' ' a n c * ^ E 2 * t h e r e f o r e , i t is n e c e s s a r y to h a v e t h e m e a s u r e -
m e n t s o f S i n g l e ' i n d i v i d u a l s ; t h e u s u a l l y p u b l i s h e d mean v a l u e s a n d S t a n d -
a r d d e v i a t i o n s o f f i t n e s s a r e no t s u f f i c i e n t . 
T h e f i g u r e a l s o c o n t a i n s s i m u l a t e d m e a s u r e m e n t s . T h e s e d a t a a r e p r e s e n t e d 
as h i s t o g r a m s in o r d e r to f a c i l i a t e g r a p h i c a l p r e s e n t a t i o n a n d c o m p a r i s o n s 
w i t h e x p e c t e d v a l u e s . F o r e a c h o f t h e f i v e ^ - v a l u e s we h a v e s i m u l a t e d 40 
m e a s u r e m e n t s . T h e p r o c e d u r e d e s c r i b e d a b o v e w a s t h e n a p p l i e d to t h e 
Jo in t d i s t r i b u t i o n o f a l l 200 d a t a p o i n t s . T h e r e s u l t s o n t h e p r e s e n t e d s e t 










x 0.004 0.0266 0.0494 
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e x p e c t e d f i t n e s s d i s t r i b u t i o n a c c o r d i n g to t h i s m a x i m u m l i k e l i h o o d r e s u l t 
a r e g i v e n b y t h e u n b r o k e n l i n e in t h e f i g u r e . O u r s h o w n r e s u l t s a r e 
a t y p i c a l in t h a t t h e y a p p e a r to f i t t h e d a t a o n l y p o o r l y . H o w e v e r , t h i s 
may a r i s e f r o m t h e u s e o f too few s t a t i s t i c s o f s i m u l a t e d e v e n t s , e v e n w i t h 
r e s p e c t to t h e d o t t e d l i n e ( t h e g o o d n e s s o f f i t is s t i l l s u f f i c i e n t ; a t ab le 
w i t h r e s u l t s o f o t h e r s i m u l a t i o n s is g i v e n in L y n c h a n d G a b r i e l , 1 9 8 6 b ) . 
O u r a im is to d e m o n s t r a t e t h a t w i t h a m a n a g e a b l e e f f o r t o f 200 m e a s u r e -
m e n t s o v e r an e n v i r o n m e n t a l s c a l e w h e r e t h e f i t n e s s c h a n g e s b y t w o o r d e r s 
o f m a g n i t u d e , t h e b a s i c p a r a m e t e r s f o r a new f i t n e s s c o n c e p t c a n b e e s t i -
ma ted b y e x p e r i m e n t a l d a t a . T h e r e b y i t i s d e m o n s t r a t e d t h a t c o n c e p t s a n d 
p r e d i c t i o n s o f t h i s mode l as g i v e n b y L y n c h a n d G a b r i e l ( 1 9 8 6 a , b ) a r e 
t e s t a b l e . 
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